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Laws of Logarithm (Easier) 

1.  ,  where  N > 0,  a > 0 ,  a ≠ 1. x
a aNxNlog =⇔=

 In particular,    x
10 10NxNlog =⇔=

2.  xalog,ax x
a

xloga ==

3.  1alog,01log aa ==

4.  ,  where  M , N > 0 NlogMlogMNlog aaa +=

5. NlogMlog
N
Mlog aaa −=  

6.  ,  where  m  is rational. (in particular, NlogmNlog a
m

a = Nlog
2
1Nlog aa = ) 

 
Laws of Logarithm (Harder) 

1. Change of base  :  
alog
blogblog

c

c
a =  , 

xlog
xlogblog

b

a
a =  

2. 
alog

1blog
b

a =  

3. dlogdlogclogblog,clogclogblog acbaaba =××=×  

4. blog
n
mblog a

m
an =  , in particular,  blogblog,blogblog aaa

n
an ==  

5. ⎟
⎠
⎞

⎜
⎝
⎛=−=

b
1logblogblog aa

a
1  

6.  , where the logarithms are in the same base. blogalog ab =
 
 
Example  1 

 Solve for  x  :  4xlog 2
10 =

Solution  (Mistake)  

 1



    10010x2xlog4xlog24xlog 2
1010

2
10 ==⇒=⇒=⇒=

   (Correct)   

   100x10000x1000010x4xlog 422
10 ±=⇒±=⇒==⇒=  

Example  2 
 
 Given that  a, b, c  are positive numbers greater than  1, simplify : 
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Solution  
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Example  3 
 

 Let  a =  ,  b = .  Express    in terms of  a, b . 3log2 7log3 56log42

Solution  
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7log3log3log1

7log3log3
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=
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Example  4 
 

 If   ,   and  , prove that axy 1p =− bxy 1q =− cxy 1r =− ( ) ( ) ( ) 0clogqpblogpralogrq =−+−+−  

Solution  

   …. (1) ( ) alogylog1pxlogaxy 1p =−+⇒=−

   …. (2) ( ) blogylog1qxlogbxy 1q =−+⇒=−

   …. (3) ( ) clogylog1rxlogcxy 1r =−+⇒=−

(1) × (q – r),   ( ) ( )( ) ( ) alogrqylog1prqxlogrq −=−−+−   …. (4) 
(2) × (r – p),   ( ) ( )( ) ( ) blogprylog1qprxlogpr −=−−+−   …. (5) 
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(3) × (p – q),   ( ) ( )( ) ( ) clogqpylog1rqpxlogqp −=−−+−   …. (6) 
(4) + (5) + (6),   ( ) ( ) ( ) 0clogqpblogpralogrq =−+−+−  
 
Example  5 

 If    and   where  n ≠ 1 , prove that  xnloga = ynlogc =
alogclog
alogclog

yx
yx

bb
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+
−

=
+
−  . 

 
Solution  
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Example  6 

 Solve the equation  
6

13xlog8log 8x =+  

Solution  

  13xlog68log6 8x =+  

  13xlog6
xlog

6
8

8

=+  

   ( ) 06xlog13xlog6 8
2

8 =+−

   ( )( ) 02xlog33xlog2 88 =−−

  
2
3xlog8 =    or  

3
2xlog8 =  

    or  2/38x = 3/28x =
  ∴ x = 216  or 4 
 
Exercise 

1. Solve     for  x , y , z . 
( )

⎩
⎨
⎧

=
−=

100xyz
1:2:1zlog:ylog:xlog

 

2. If  a, b, c, d > 0, show that ⎟
⎠
⎞

⎜
⎝
⎛
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⎠
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⎛

b
clog

d
alog

d
blog

c
alog

d
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b
alog  , 

 where the logarithms are all of the same base. 
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3. Given  , express  16loga 9= 24log6  in terms of  a . 

 

4. If  ⎟
⎠
⎞

⎜
⎝
⎛=

8
9logx a , ⎟

⎠
⎞

⎜
⎝
⎛=
15
16logy a   and  ⎟

⎠
⎞

⎜
⎝
⎛=

25
24logz a  , prove that  3x + 4 y – 2z = , 2loga

 5x + 6y – 3z =   and  7x + 9y – 5z = .  If  a = 10, find without using calculator, the 

 value of  20x + 26 y – 14z . 

3loga 5loga

 

5. If   , show that  a = b  or  x = y . xlogylogylogxlog baba +=+

 
 
Answers:  

1.  
( )

⎩
⎨
⎧

=
−=

)2....(
)1....(

100xyz
1:2:1zlog:ylog:xlog

 From (1),  log x = k, log y = 2k, log z = k  ⇒ x = 10k, y = 102k ,  z = 10–k  …. (3) 

  ∴   xyz = 10k+2k-k = 102k = 102 , from (2) 

  ∴ 2k = 2  and  k = 1 . 

  From (3),  x =10  ,  y = 100 ,  z = 0.1 . 

2. ⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

d
clog

b
alog  = [log a – log b] [log c – log d] = log a log c – log a log d – log b log c + log b log d 

 ⎟
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⎟
⎠
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⎜
⎝
⎛

b
clog

d
alog

d
blog

c
alog  = [log a – log c][log b – log d] + [log a – log d][log c – log b] 

        = log a log c – log a log d – log b log c + log b log d 

3. 3log
a
2

3log
2loga16loga 22

2

4
2

9 =⇒=⇒=  

 ( )
( )

( )( ) 4a2
2a3

1a/22
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4. 3x + 4y – 2z = 3 ⎟
⎠
⎞

⎜
⎝
⎛

8
9loga  + 4 ⎟

⎠
⎞

⎜
⎝
⎛
15
16loga – 2 ⎟

⎠
⎞

⎜
⎝
⎛

25
24loga = 2log

5
32

53
2

2
3log a

2

2

3443

3

2
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 5x + 6y – 3z = 5 ⎟
⎠
⎞

⎜
⎝
⎛

8
9loga  + 6 ⎟

⎠
⎞

⎜
⎝
⎛
15
16loga – 3 ⎟

⎠
⎞

⎜
⎝
⎛

25
24loga = 3log

5
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2

2
3log a

3

2
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3

2
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 7x + 9y – 5z = 7 ⎟
⎠
⎞

⎜
⎝
⎛

8
9loga  + 9 ⎟
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⎝
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15
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5
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2

2
3log a
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2
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 20x + 26y – 14z = 20 ⎟
⎠
⎞

⎜
⎝
⎛

8
9loga  + 26 ⎟

⎠
⎞

⎜
⎝
⎛
15
16loga – 14 ⎟

⎠
⎞

⎜
⎝
⎛
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24loga =
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    2100log100log 10a ===  

5. xlogylogylogxlog baba +=+  

 
blog
xlogylog

blog
ylogxlog

a

a
a

a

a
a +=+  

  xlogylogblogylogxlogblog aaaaaa +=+

  ( )( ) 0ylogxlog1blog aaa =−−

   ⇒ a = b  or  x = y . ylogxlogor1blog aaa ==
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