On logarithm
Yue Kwok Choy
Laws of Logarithm (Easier)

1. log,N=x< N=a" , where N>0, a>0, a=l.
In particular, log,, N=x < N=10"
2. x=a"%", log, a* = x

3. log,1=0, log,a=1
4. log,MN=Ilog,M+log,N , where M,N>0
5. Ioga%z log, M—log, N

6. log, N™ =mlog, N , where m isrational. (in particular, log, \/N:%Ioga N)

Laws of Logarithm (Harder)

1. Change of base : log, b= log, b , log, b :Iog_ax
log. a log, x
2. log,b=
log, a
3. log,bxlog,c=1log,c, log, bxlog,cxlog.d=1log,d
m Mm . . n
4. log,b :FIOga b, inparticular, log,,b" =log,b, log - Vb =log, b

5 log,b=-log, b= Ioga(%j

6. b'*=a'"  where the logarithms are in the same base.

Example 1

Solve for x :  log,,x* =4

Solution (Mistake)



log,,x*=4 =  2log,,x=4 =log,x=2 = x=10°=100
(Correct)
log,, X’ =4 = x? =10* =10000 = X =++/10000 = x =%100
Example 2
Giventhat a, b, c are positive numbers greater than 1, simplify :

1 1 1
+ +
log,abc log,abc log,abc

Solution
t 1,1 . log, & + log, b + log. € =log,,.a+log,, b+log,.C
log,abc log,abc log. abc log,abc log,abc log,abc
=log,, abc =1
Example 3
Let a= log,3 , b= log,7. Express log,,56 intermsof a,b.
Solution
log 56_I09256_I0922‘°’><7_ 3+log,7  3+log,3log,7  3+ab
“7" log,42 log,2x3x7 1+log,3+log,7 1+log,3+log,3log,7 1+a+ab
Example 4

If xy"*=a , xy*'=b and xy"*=c ,provethat (q—r)loga+(r—p)logh+(p—q)logc=0

Solution
Xy =a = logx +(p—1)logy = loga e (D)
xy™ =b = logx +(q—1)logy = logh . (2
Xyt =c = logx +(r—1)logy = logc .. (3)
) x(q-r), (@-r)logx+(@-rXp-L)logy=(q-r)loga ... (4)

(2) % (r-p), (r—p)logx+(r—pXa-1)logy = (r—p)logh ... (5)



(3) x (p-0q), (p—a)logx +(p-q)r-1)logy=(p-g)logc  .... (6)
(4) + (5) + (6), (@-r)loga+(r—p)logb+(p—q)logc =0

Example 5

X-y _ log,c—log,a

If log,n=x and log.n=y where n=1,prove that .
X+y log,c+log,a

Solution
log,n log,n 1 1 log,c—log,a
x—y log,n—-log.n log,a - log,c Iogba_ log,c  log,clog,a  log,c—log,a
x+y log,n+log,n log,n  log,n 1 L1 ~log,c+log,a log, c+log, a
log,a log,c log,a log,c log,clog,a
Example 6

Solve the equation  log, 8+ log, X :%

Solution

6log, 8+6log, x =13

6
log, X

+6logy x =13
6(log, x)* —13log, X +6 =0
(2log, x —3)3logy x —2)=0

log x—3 or log x—2

A 8N T 5
2 3

x =8%? or x=8"°

X = 16\/5 or 4

Exercise

1. Solve

{Iogx:logy:logz:1:2:(—1) for X.y.z

Xyz=100

a C a b a C
2. If a b, c,d>0,showthat log| — [{log| — |=log| — [log| — |+ log| — |log| = | ,
a, b, c show tha og(b] og[dJ og(cj og(d}r og(dj og(b]

where the logarithms are all of the same base.



3. Given a=log,16, express Iogex/ﬂ interms of a.

9 16 24
4. If x=log,|=|, y=log,|=—=| and z=log,| — | ,provethat 3x+4y-2z=log,?2,
o(2). v-to02) 0[2) 5 ——

5x+6y—-3z=log,3 and 7x+9y-5z=log,5. If a=10,find without using calculator, the

value of 20x +26y-14z.

5 If log,x+log,y=Ilog,y+log,x ,showthat a=b or x=y.

Answers:
logx:logy:logz=1:2:(-1)....0)
xyz =100 .(2)
From (1), logx=k, logy=2k, logz=k = x=10% y=10%, z=10% ... (3)

xyz = 10¢%* = 10% = 102, from (2)
2k=2 and k=1.
From(3), x=10 , y=100, z=0.1.

2. Iog(%jlog(%} =[loga-logb][logc—logd]=logalogc—-logalogd-logblogc+logblogd
a b a C
Iog(—jlog(E) + Iog(a} Iog(gj = [log a—log c][log b — log d] + [log a — log d][log ¢ — log b]
c
=logalogc—logalogd-logblogc+logblogd

log,2* 2
—223g2|0923
2

3. a=logyl6=a=

Iogex/ﬂ—l

_[I09223+I0923J_ 3+log,3  3+(2/a) 3a+2
2 2

log,3+log,2 ) 2(log,3+1) 2((2/a)+1) 2a+4



0| ©

3x+4y—2223|oga(

j + 4IogaG—6j— 2 Ioga(?j: log,

5 + 6y — 3z = 5Ioga(%j +6 Ioga(gj— 3 Ioga(ﬁ} log,

9 16 24
7X+9y-5z2=7log.|=| +9log.| — |-5log.| — |=lo0
y 5= (2) 01,2 -t (2 -1,

9 16 24
20x + 26y — 14z = 20log,| — | +26log,| — |- 14log,| —
s si=2052) 250,19 sk,

=log,100 =log,,100 =2

log, x+log, y =log, y+log, X

log, y log, x
log, x+—=2==log, y+—=—
% log, b Ja ¥ log, b

a a

log, blog, x+log, y =log, blog, y+log, X
(log, b-1)log, x~log, y)=0

log,b=1 or log, x=log, y = a=b or

j=loga
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